We show how to derive hidden-variable theorems for real experiments. In particular we show that non-contextual hidden variables can be disproved by experiments with finite precision. The two key ideas are the following: 1) In a real experiment the observer does not have full control over his apparatus. The observables measured are defined operationally through those properties of the apparatus the observer knows about.
In general quantum mechanics only makes probabilistic predictions for individual events. The question whether one can go beyond quantum mechanics in this respect has been a subject of debate and research since the early days of the theory. There are famous theorems placing restrictions on possible hidden variable theories reproducing the results of quantum mechanics. Bell's theorem [1] excludes local hidden-variables. The KochenSpecker [2] theorem excludes non-contextual hidden variables.
In the original derivation of these theorems, certain idealizations were made. For example the detection efficiency was originally assumed to be perfect. The case of non-unit efficiency has since been treated in detail [3] .
As another idealization, the precision of the measurements performed is usually not considered. This appears to be an important point for the following reason. An essential feature of all the hidden-variable theorems quoted above is that observables have to appear in different experimental contexts in order for a contradiction to be obtained (i.e. observables have to be measured simultaneously with different mutually exclusive observables).
For example, the Kochen-Specker theorem concerns trying to assign values to all directions on the sphere subject to a constraint for triads of orthogonal directions. One can only arrive at a contradiction by considering several triads that have at least some directions in common. For Kochen-Specker experiments this implies that the observables corresponding to individual directions (i.e. the squares of the spin components along these directions) have to appear in different triads.
At first sight the usual derivations of hidden-variable theorems seem to run into problems when the finite precision of real experiments is taken into account, because then it seems impossible to ascertain that the same observable is really measured more than once in different experimental contexts. This question seems to be of particular relevance for the Kochen-Specker theorem in view of recent claims that this theorem is "nullified" when the measurements have only finite precision [4] .
In the following we show how the above mentioned difficulty can be overcome by providing a general method for the derivation of hidden-variable theorems for real experiments. In order to achieve this the concept of observable has to be changed in such a way that it has an operational meaning. For concreteness, imagine that an observer wants to perform a measurement of the spin square along a certain direction n. There will be a certain experimental procedure for trying to do this as accurately as possible. We will refer to this procedure by saying that he sets the "control switch" of his apparatus to the position n. In all experiments that we will discuss only a finite number of different switch positions is required. By definition different switch positions are clearly distinguishable for the observer, and the switch position is all he knows about. Therefore, in an operational sense the measured physical observable is entirely defined by the switch position. From the above definition it is clear that the same switch position can be chosen again and again in the course of an experiment.
In general one has to allow for the possibility that the switch position n does not uniquely determine the physical state of the measuring apparatus, i.e. there may be (hidden) properties of the apparatus over which the observer does not have full control but which may influence the result of any given measurement. Following the philosophy of deterministic hidden variable theories [5] , one therefore has to assume that the result of any measurement will be determined not only by the hidden properties of the system, but also by those of the measuring apparatus.
As a concrete application of the ideas expressed in the two preceding paragraphs, we are now going to show how non-contextual hidden variables can be excluded by real experiments. Let us note that local hidden variables can be ruled out using an equivalent approach.
In the original Kochen-Specker situation one considers a spin-1 particle. In the ideal case of perfect precision, the relevant observables are the squares of the spin components, denoted by S 2 n for arbitrary directions n. For a spin-1 particle one has
for every triad of orthogonal directions { n 1 , n 2 , n 3 }. As the possible results for every S 2 ni are 0 or 1, this implies that in the ideal case for every measurement of three orthogonal spin squares two of the results will be equal to one, and one of them will be equal to zero. Let us emphasize that in our approach the operational observables are defined by the switch positions (i.e. by the best effort and knowledge of the experimenter) and therefore are not exactly identical to the exact quantum mechanical observables. In the following the symbol S 2 n will denote the operational observable defined by the switch position n, and the term direction will be used as a synonym for switch position.
In a deterministic hidden variable theory one assumes that for every individual particle the result of the measurement of any observable S 2 n is predetermined by hidden properties. In non-contextual hidden variable theories it is furthermore assumed that this predetermined result does not depend on the "context" of the measurement, in particular which other observables are measured simultaneously with S 2 n , but only on the switch position n and the hidden variables [6] .
In general the result may depend both on the hidden properties of the system and of the apparatus. Let us denote the hidden variables of the system by λ and those of the apparatus by µ. For further use, let us denote the ensemble of all possible pairs (λ, µ) by Λ. As explained above, the philosophy of non-contextual hidden variables implies the existence of a function S 2 n (λ, µ) taking values 0 and 1 which describes the result of a measurement with switch position n on a system characterized by λ with an apparatus characterized by µ. For fixed λ and µ this function therefore assigns a value 0 or 1 to the switch position n [7] .
A Kochen-Specker experiment can now be performed by testing the validity of Eq. (1) for a judiciously chosen set of triads of directions. Therefore the apparatus is required to have three switches where the three directions of a given triad can be chosen. Because the switch positions do not correspond to the ideal quantum mechanical observables the sum of the three results will not always be equal to 2. Nevertheless a contradiction between noncontextuality and quantum mechanics can be obtained in the following way.
From the Kochen-Specker theorem it follows that there are finite sets of triads for which no value assignment consistent with Eq. (1) is possible [2, 8] . Let us choose such a Kochen-Specker set of triads
Let us emphasize that at least some of the switch positions n i have to appear in several of the triads (clearly otherwise there could be no inconsistency). Let us denote the number of triads in the Kochen-Specker set (2) by N . The set is constructed in such a way that if one can show for some fixed λ and µ that
is valid for N −1 of the triads { n i , n j , n k }, one obtains the prediction that it has to be violated for the final triad. Suppose that for the first triad { n 1 , n 2 , n 3 } in the Kochen-Specker set one finds that the sum of the results is equal to 2 in a fraction greater than 1 − of all cases. For the hidden variables this implies that
for all (λ, µ) ∈ Λ 1 , where Λ 1 is some subset of the set of all hidden variables Λ with measure p(Λ 1 ) ≥ 1 − (by definition p(Λ) = 1). Suppose furthermore that one establishes in the same way for the second triad { n 1 , n 4 , n 5 } that
for all (λ, µ) ∈ Λ 2 with p(Λ 2 ) ≥ 1 − where in general Λ 2 is a different subset of Λ, and so on for all N − 1 triads except the final one. This implies that for all (λ, µ) in the intersection of sets Λ ∩ := Λ 1 ∩ Λ 2 ∩ ... ∩ Λ N −1 the sum of results is equal to 2. Consequently, because of the structure of the Kochen-Specker set the sum of the results for the final triad has to be different from 2 (i.e. 0, 1 or 3) for all pairs (λ, µ) ∈ Λ ∩ . This leads to the experimental prediction that the sum of results will be different from 2 for the final triad in a fraction p(Λ ∩ ) of all cases. From the property of subadditivity (p(
Therefore in order to experimentally disprove noncontextual hidden variables one only needs to show that the sum of results is equal to 2 in a fraction of all cases that is greater than (N − 1) .
If we assume for simplicity that is defined such that the fraction of "correct" (equal to 2) results is larger than 1− for all triads (including the final one) then the above results allow us to derive a bound on the size of the experimental imperfection such that an experimental contradiction with non-contextuality can still be obtained: has to be smaller than 1/N . Note that describes all the imperfections of a real experiment including finite precision but also e.g. imperfect state preparation and nonunit detection efficiency. The value of N and therefore of the bound on depends on the particular Kochen-Specker set used [2, 8] .
As we have already noted above, an inevitable requirement for the contradiction to be obtained is the fact that the function S 2 n1 (λ, µ), or in general functions corresponding to at least some switch positions, appear in more than one out of the N triads. This appearance of the same function in different lines of the mathematical proof (corresponding to different experimental contexts) is possible in spite of finite experimental precision only because we defined our observables operationally via the switch positions.
We have shown how non-contextual hidden-variable theories can be disproved by real experiments. The present work clarifies questions raised by [4] . In view of our results, we would assert that the Kochen-Specker theorem is not "nullified" by finite measurement precision. Let us note that independent arguments in favor of this conclusion were given in [9, 10] . Our suggestion how to perform a Kochen-Specker experiment was inspired by some of Mermin's remarks in [9] .
Using the method of the present paper one can also show that local hidden variables can be disproved in real experiments, e.g. using the GHZ [11] form of Bell's theorem which is also based on sets of propositions that cannot be consistently satisfied by hidden variables. Inequalities analogous to Eq. (6) can be derived and tested experimentally [12] .
When this work was completed, we learned from J. Larsson that he has come to similar conclusions using a related approach [13] . We thank L. Hardy for discussions.
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[1] J. S. Bell, Physics (Long Island City, N.Y.) 1, 195 (1964 In the present paper we do not discuss stochastic hidden variable theories explicitly. This does not limit the generality of the results derived because the existence of a stochastic hidden variable model for a given physical system implies that also an underlying deterministic model can be constructed which reproduces the probabilities of the stochastic model. Therefore e.g. ruling out all possible non-contextual deterministic hidden-variable models implies ruling out all possible non-contextual stochastic models as well.
[6] In the ideal case one could define non-contextuality in such a way that the predetermined value of some quantum mechanical observable X is required to be independent of the simultaneously measured observables only if they exactly commute with X. Note that only in the ideal case the observables corresponding to precise directions would have an operational meaning. It is evident that this weaker form of non-contextuality can only be tested in the idealized case of infinite precision. [7] Let us note that the models discussed by R. Clifton and A. Kent, quant-ph/9908031, are not non-contextual in the present sense because in these models the result of a measurement of S
